In this article, we extend our previous study of the π-π scattering lengths under the presence of an external magnetic field, including finite temperature effects. The novelty of this work is precisely the introduction of temperature into the discussion, and its interplay with the magnetic field. As in the previous article, we base our analysis in the linear sigma-model, and our calculations are exact within this context. Although the effects are comparatively small, it is interesting to remark that magnetic field and temperature display opposite effects over the scattering lengths.
I. INTRODUCTION
An interesting and relevant question in the field of heavy ion collision experiments is to search for the possibility of disentangling temperature and magnetic effects. In this article we will refer to π −π scattering lengths, extending our previous results [1] at zero temperature and finite magnetic fields. In this work, we shall present analytical results that fully capture both thermal and magnetic effects without any restriction or special ordering in these parameters. For this purpose, our calculations will be based on the linear sigma model using techniques associated to the spectral density functions that allows us to handle the infinite series over Landau levels in a closed analytical form. Infinite Matsubara sums were also performed exactly with complex contour integration techniques.
The paper is organized as follows: In section II, we introduce the Linear sigma model and the general formalism for scattering lengths. In section III, the detailed Feynman diagrams are displayed, using the Schwinger propagators for finite magnetic fields. The two master integrals required for the calculation of all the diagrams are formulated. Therein, we also display the analytical results for the scattering lengths, with mathematical details deferred to Appendixes. Finally, in section IV we show our numerical results, discussing the combined effects of temperature and magnetic field.
II. LINEAR SIGMA MODEL AND π-π SCATTERING
In our previous article [1] we studied the π-π scattering lengths within the context of the linear sigma model in * mloewe@fis.puc.cl † munozt@fis.puc.cl ‡ rzamorajofre@gmail.com the phase where the chiral symmetry is broken,
The model includes a doublet of Fermi fields, which in our case will be ignored since they represent nucleons which are too heavy as compared with the scalar sigma meson and the relevant energy scale. The role of the sigma meson is to break explicitly the chiral symmetry. Then, as usual, the sigma field is expanded around its expectation value and its not difficult to see that m ψ = gv, m
For details see [2] . Perturbation theory at the tree level allows us to identify the pion decay constants as f π = v. Finite temperature effects on this model have been studied by several authors, discussing the thermal evolution of masses, f π (T ), the effective potential, etc. [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] .
The most general decomposition for the scattering amplitude for particles with definite isospin quantum numbers is [18, 19] 
where α, β, γ, δ denote isospin components. By using appropriate projection operators, it is possible to find the following isospin dependent scattering amplitudes
where T I denotes a scattering amplitude in a given isospin channel I = {0, 1, 2}.
As it is well known [19] , below the inelastic threshold any scattering amplitude can be expanded in terms of partial amplitudes which can be parametrized by the phase shifts for each angular momentum channel . Therefore, in the low-energy region the isospin dependent scattering amplitude can be expanded in partial wave components T I . The real part of this amplitude
is expressed in terms of the scattering lengths a I , and the scattering slopes b I , respectively. The scattering lengths satisfy the hierarchy |a 
The first measurement of π-π scattering lengths was carried on by Rosellet et al. [20] . More recently, these parameters have been measured using pionium atoms in the DIRAC experiment [21] and also through the decay of heavy quarkonium states into π-π final states where the so called cusp-effect was found [22] . In our recent work [1] , we obtained an exact analytical expression for Eq. (7) for I = 0, 2 in a background magnetic field of arbitrary strength, at zero temperature. In this article, we extend our previous result to include finite temperatures. Therefore, in what follows we shall present the exact expression for the scattering lengths Eq. (7) at arbitrary magnitudes of the external magnetic field and temperature.
III. SCATTERING LENGTHS AT FINITE MAGNETIC FIELD AND FINITE TEMPERATURE
In a previous work, based on a perturbative treatment of the bosonic Schwinger propagator valid for small magnetic fields, some of us discussed the magnetic dependence of the π-π scattering lengths within the context of the linear sigma model [23] . We found that this magnetic evolution displays an opposite trend with respect to thermal corrections on the scattering lengths, in agreement with the literature [24] . At low magnetic field intensities, the scattering lengths in the isospin channel I = 2 increase, whereas their projection into the channel I = 0 diminishes, both as functions of the magnetic field. More recently, we extended the analysis in the zero temperature scenario, thus obtaining exact analytical expressions valid in the whole range of magnetic field intensities [1] .
In the linear sigma model, the relevant diagrams that contribute to π-π scattering are shown in Fig. 1 . Notice that tadpole-like diagrams associated to mass corrections of the sigma field, do not contribute to the π-π scattering amplitudes, since their imaginary part vanishes. These tadpoles are extremely small in the limit of a very large mass of the sigma field. This approximation is valid since, as we know, m σ ≈ 550 MeV is much larger than the pion mass. Fermions, i.e. nucleons that may interact with pions, are not considered in our discussion. As a consequence, the sigma field propagator is contracted to a point.
From these considerations, we see that all relevant diagrams reduce to a horizontal (s-channel) or vertical (t and u channels) "fish-type" pion loops contributions, as shown in Fig. 2 . Then, we need to compute such diagrams as a function of the magnetic field intensity and finite temperature. This is an interesting problem, not only because of physical implications, but also due to new analytical results that we shall present below.
Let us derive our starting expression for the bosonic propagator as a sum of Landau levels [1, 25] . The bosonic Schwinger propagator for a charged pion of charge q subject to a uniform magnetic field along the third spatial coordinate, in the proper time representation is given by
After inserting this propagator in the fish-type diagrams, one finds that all contributions reduce to two types of
For technical purposes, we shall calculate the integrals with the expression for the propagator at finite magnetic field in terms of Landau levels, as presented in [25] .
where L l (z) are the Laguerre polynomials, and we have defined the effective "parallel" propagators
The above expressions correspond to the zerotemperature scenario. However, it is straightforward to generalize them to the finite temperature case by analytic continuation into Matsubara frequency space, i.e.
where β = 1/T , and the corresponding substitution of the integral in k 0 by a sum,
Let (10) , substituting the infinite series for the propagators, Eq.(11), we are lead to
Here, we have defined the functions
Let us now calculate the integral over the Laguerre polynomials in the second term, by using 2-dimensional "spherical coordinates", with 0 ≤ |k ⊥ | < ∞,
where we have defined the auxiliary variable x = 2k 2 ⊥ /qB, with 0 ≤ x < ∞. Therefore, we have
where the orthogonality relation between Laguerre polynomials was used. Substituting this result into Eq. (15), we end up with the expression
As shown in detail in Appendix, we calculate G l,l (iν m ) by first integrating over k 0 in the complex plane, and later over k 3 . This procedure allows us to obtain the infinite series
with E l (k 3 ) = k 2 3 + m 2 π + qB(2l + 1), and the functions g(T, E, iν m ) defined by
As discussed in Appendix, we introduce the spectral density
such that Eq.(20) can be expressed as single integral over the energy domain
where a closed analytical expression for the spectral density was derived in Appendix,
with z the integer part of z and ζ(s, z) the Hurwitz Zeta function. In order to obtain the scattering lengths a I 0 , we use the decomposition of the scattering amplitude in the different isospin channels presented in Section II. Since we are only interested in the scattering lengths a I 0 , it is enough to calculate the scattering amplitude in the static limit. Therefore, we normalize by the experimental values at tree level (a 
Here, A(s, t, u), A(t, s, u) and A(u, t, s) correspond to all s-channel, t-channel and u-channel contributions, respectively. On the other hand, the s-channel contribution is obtained from I 1 [T, B, iν m → p 0 = m π ], while those for the t-and u-channels are obtained from
according to the following expressions
The experimental values in the absence of magnetic field B = 0 are given by [26] 
IV. RESULTS AND CONCLUSIONS
We have presented a novel method to calculate the scattering lengths for π − π scattering within the linear sigma model at the one-loop level, in the isospin channels I = {0, 2}, as functions of the temperature and external magnetic field intensity. We show three plots of the calculation of the scattering lengths a increases as a function of temperature, a 2 0 displays the opposite trend. It is interesting to remark that already the presence of a small magnetic field is sufficient to invert the temperature dependence at zero magnetic field [24, 27] . This effect can be explained by the symmetry of the scattering length parameters, where a 0 0 arises from the trace of the tensor, which is a scalar, whereas the isospin 2 channel corresponds to the most symmetric realization. Qualitatively, the magnetic moment of the semiclassical orbits associated to the Landau levels tend to align along the magnetic field direction, while temperature tends to randomize those directions. Therefore, under finite magnetic fields the most symmetric state enhances its scattering rate. Appendix A: Matsubara sums and integrals over k3
Here we present in detail the calculation of the Matsubara sums involved in Eq. (20) of the main text. Using the definition of the "parallel" propagators Eq.(12), we have
where we have defined the expression
with
and
. The Matsubara sum can be evaluated, as usual, by constructing a contour integral on the complex k 0 -plane,
where the contour is depicted in Fig.(6) . Here, the integrand contains as a factor the Bose-Einstein distribution,
that possesses infinitely-many simple poles at the Matsubara frequencies k 0 = iω n = i2πn/β, with residue
In addition, the integrand in Eq.(A4) possesses four simple poles at k
e., two of them located on the positive imaginary plane, while the other two are located on the negative imaginary plane. By direct application of the residue theorem, we have
Clearly, the second term within the parenthesis is precisely the function f l (T, k 3 , iν m ) defined in Eq.(A2), and hence we have
where we used the elementary property of the Bose distribution n B (z + iν m ) = n B (z). Moreover, we also have n B (−z) = −1 − n B (z). Therefore, n B (E l (k 3 )) − n B (−E l (k 3 ) = 2n B (E l (k 3 )) + 1 = coth(βE l (k 3 )/2), and we finally obtain
Let us define the functions g(T, E, iν m ) = coth (βE/2)
such that
Now we calculate the integral over k 3 . Inserting Eq.(A8) into Eq.(A1), we have As defined in the main text, here we present the analytical calculation for the spectral density ρ(E). By definition, we have
The condition enforced by the argument of the delta function possesses two algebraic solutions, i.e. 
